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Abstract. We consider Exel's new construction of a crossed product of a C*-algebra 
A by an endomorphism a. We prove that this crossed product is universal for an 
appropriate family of covariant representations, and we show that it can be realised as 
a relative Cuntz-Pimsner algbera. We describe a necessary and sufficient condition for 
the canonical map from A into the crossed product to be injective, and present several 
examples to demonstrate the scope of this result. We also prove a gauge-invariant 
uniqueness theorem for the crossed product. 



1. Introduction 

If a is an endomorphism of a C*-algebra A, we can form a new C*-algebra called the 
crossed product of A by a. This was first done by Cuntz 0, and there are now several 
general theories |T31 [T71 [T3], which have been applied in a number of settings jH 1^ ITUj. 

In 121, Exel proposed a new definition for the crossed product of a unital C*-algebra 
A by an endomorphism a. Exel's crossed product depends not only on A and a, but 
also on the choice of a transfer operator, which is a positive continuous linear map 
L : A —>■ A such that L{a{a)b) = aL{b) for a,b G A. This new theory generalises 
previous constructions where the endomorphism is injective and has hereditary range 
fTB] , and has applications in the study of classical irreversible dynamical systems jH]- 

In this paper, we re-examine Exel's crossed product, denoted Axi^ /^N, and identify a 
family of representations for which Ax^^^N is universal. We then show that Axi^ /^N can 
be realised as a relative Cuntz-Pimsner algebra as in fUlHl, and use known results for 
relative Cuntz-Pimsner algebras to study AXa^^N. In particular, we identify conditions 
which ensure that the canonical map A A><ia,L^ is injective, thus answering a question 
raised by Exel in [Hj, and partially answered by him in 

We begin with a brief discussion of relative Cuntz-Pimsner algebras, and we state a 
lemma which we will use when considering the map A — >■ AXq,^lN. In ^we discuss rep- 
resentations of Exel's crossed product. The main result in this section is the realization 
of Ax„iN relative Cuntz-Pimsner algebra. 

In m we describe a necessary and sufficient condition on the transfer operator L 
for A A><\a,L^ to be injective. We also show that this condition simplifies when 
A is a commutative C*-algbera, and give examples to illustrate that our results do 
significantly improve those of Exel. In ^we use our realisation of Ax^^iN as a relative 
Cuntz-Pimsner algebra and results of Katsura [Hj and Muhly-Tomforde ^2] to prove a 
gauge- invariant uniqueness theorem for Ax^ ^N, which generalises the one of Exel and 
Vershik in p]. 
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2. Relative Cuntz-Pimsner algebras 

Suppose that A is a C*-algebra and X is a Hilbert bimodule over A, where the left 
action a ■ x is given by a homomorphism : A — > C{X), so that a ■ x = (f){a)x. A 
Toephtz representation {ip,7^) of X in a C*-algebra i? is a pair consisting of a hnear 
map ip : X B and a homomorphism n : A —* B such that 

ipi^x ■ a) = ilj{x)7i{a), ip^xYip^y) = 7r((a;, y)^), and ilj{(f){a)x) = 7r{a)i/j{x) 

for x,y & X and a E A. Given such a representation, ^ Proposition 1.6] says there is 
a homomorphism (t/;, vr)'-^'* : fC{X) — > B which satisfies 

{ijj, 'Kf^\Qx,y) = i>ix)^p{y)* for x,y e X, 

and 

(2.1) {ifj, 7r)'-^\T)iP{x) = ipiTx) for T G /C(X) and x G X. 

If p : i? ^ C is a homomorphism of C*-algebras, then [p o ip ^ p o tc) is a Toephtz 
representation of X, and we have 

{poijj^po 7r)^^^(0^.,j;) = po i){x)p o ip{y)* = po {ijj, ■7T)^^\Q^^y) for all x,y G X. 

It follows from linearity and continuity that we have 

(2.2) (po^,po7r)^^^ = po (7/^,7r)^^\ 
We define 

J(X) :=</)-i(/C(X)), 

which is a closed two-sided ideal in A. Let i^' be an ideal contained in J{X). Following 
Muhly and Solel, we say that a Toeplitz representation [ip, n) of X is coisometric on K 
if 

{ip, 7r)^^^(0(a)) = 7r(a) for all a G if. 

Proposition 2.1. [6, Proposition 1.3] Let X be a Hilbert bimodule over A, and let K be 
an ideal in J{X). Then there are a C* -algebra 0{K,X) and a Toeplitz representation 
{kx, k^) : X — s> 0{K,X) which is coisometric on K and satisfies: 

(i) for every Toeplitz representation ('?/', vr) of X which is coisometric on K, there is 
a homomorphism ip X ofO{K,X) such that {ipx^Tf) o kx = "ip and {ipXx'n')o 
kji = Tc; and 

(ii) 0{K,X) is generated as a C* -algebra by kx{X) U k^iA). 

The triple {0{K,X), kx, kj\) is unique: if{B, k'x, k'^) has similiar properties, there is an 
isomorphism 9 : 0{K, X) — > B such that Qokx = k'^ and Ook^ = k'^. There is a strongly 
continuous gauge action 7 : T ^ Aut 0{K, X) which satisfies 72(^:^(0)) = kA{a.) and 
lz{kx{x)) = zkx{x) for a E A,x E X . 

The algebra 0{K,X) is called the relative Cuntz-Pimsner algebra determined by K, 
and was first studied by Muhly and Solel in [TT]. The algebra C({0}, X) is the Toeplitz 
algebra r(X) (see Proposition 1.4]), and C(J(X),X) is the Cuntz-P imsner algebra 
0(X) pn]- The following lemma tells us when kA '■ A —>■ 0{K,X) is injective. 
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Lemma 2.2. Let X be a Hilhert himodule over A and let {0{K, X), fc^, kx) be a relative 
Cuntz-Pimsner algebra associated to X . Then kA is injective if and only if (plx '■ K — >■ 
C.{X) is injective. 

Proof. If (j)\K is injective, then jTU Proposition 2.21] implies that kA is injective. Con- 
versely, suppose kA is injective and a E K satisfies = 0. Then kA{a) = 
{kx,kA)^^\(f)\K{a)) = 0, and since kA is injective, this implies a = 0. Thus 0|x : 
K C{X) is injective. □ 



3. Exel's Crossed Product 

Let A be a unital C*-algebra and a an endomorphism of A] we do not assume that 
a is unital or injective. In [3], Exel defined a transfer operator L for (v4, a) to be a 
continuous linear map L : A ^ A such that 

(i) L is positive in the sense that a > =^ L{a) > 0, and 

(ii) L{a{a)b) = aL{b), for all a,b E A. 

He then defined T{A, a, L) to be the universal unital C*-algebra generated by a copy 
of A and an element S satisfying the relations Sa = a{a)S and S*aS = L{a) for a E A, 
so that T{A, a, L) is by definition universal for the following representations. 

Definition 3.1. A pair (p, V^), consisting of a unital homomorphism p of A into a C*- 
algebra B and an element T G -B, is a Toeplitz-covariant representation of {A, a, L) in 
B if for every a E A, 

(TCI) Vp{a) = p{a{a))V, and 

(TC2) V*p{a)V = p{L{a)). 

We denote by {iA,S), the universal Toeplitz-covariant representation of {A,a,L) in 
T{A,a, L). If {p,V) is a Toeplitz-covariant representation of {A,a,L), we denote by 
p X V the representation of T{A, a, L) such that {p x V) o iA = p and (p x V){S) = V. 

The homomorphism iA '■ A ^ T{A, a, L) is injective: to see this, we need an example 
of a Toeplitz-covariant representation (p, V) with p injective, and one such example is 
given in ^. 

Given the triple (A, a, L), we recall from P] the construction of the Hilbert A-bimodule 
Ml. We let Al be a copy of the underlying vector space of A. We define a right action 
of A on Al by 

m ■ a = ma{a) for m G A^ and a G A, 

and an A- valued map (■, ■)^ on Aj;, by 

(m, n)^ = L{m*n) for m,n E A^. 

We define := {a G Aj;^ : {a,a)^ = 0}; it follows from the Cauchy-Schwarz inequahty 
that is a subspace of A^, and we can form the quotient space A^/N. We denote 
the quotient map by g : — > A^/N, and then A^/N is a right A-module with inner- 
product {q{a),q{b)) ^ = L{a*b). By completing A^/N we get a right Hilbert A-module 
which we denote by Ml. For a G A and m G we have 

||(am,am)L|| = ||L(m*a*am) || < ||a||^||L(m*m)|| = ||a||^|| (m, m)^!!. 
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and it follows that left multiplication by a on extends to a bounded adjointable 
operator on Ml. This defines a homomorphism : A — > £{Ml), and writing (j){a)m : — 
a ■ m makes a Hilbert bimodule over A. Note that ^(^l) is dense in M^. 

In the following lemma wc sec that there is a one-to-one correspondence between 
Toeplitz-covariant representations of {A,a,L) and Toeplitz representations of Ml. 

Lemma 3.2. Given a Toeplitz-covariant representation {p,V) of (A. a. L) in a C*- 

algehra B, there exists a linear map ipy : Ml B such that ipy{q(a)) = p{a)V and the 
pair (iJjvjP) is a Toeplitz representation of Ml in B. Conversely, if {ip,7i) is a Toeplitz 
representation of Ml m B and n is unital, then the pair (tt, is a Toeplitz- 

covariant representation of {A, a, L), and — i^- 

Proof. We define 9 : Al B hj 6{a) = p{a)V. Then 6 is linear, and for a G A we have 

||^(a)||^ = \\p{a)Vf = \Ma)Vrp{a)V\\ = \\V* p{a*a)V\\ = ||p(L(a*a))|| 
<\\L{a*a)\\^\\{a,a)J, 

so 9 is bounded for the semi-norm on Al. Thus 9 induces a bounded map i/jy '■ Ml — > B 
satisfying ipv{q{ci)) — p{0')V for a & A. For a,b,c & A we have 

MQ{b) ■ a) = MQ{bM<^)) = p{ba{a))V = p{b)Vp{a) = MQ{bMa), 
MQibWMQic)) = {p{b)Vrp{c)V = V*p{b*c)V = p{L{b*c)) = p{{q{b), q{c))^), and 
Ma ■ q(b)) = ^l^v(aq(b)) = p(ab)V = p(a)p(b)V = p(a)MQ(b)). 

Thus {ipVjP) is a Toeplitz representation of Ml in B. 

Now let (V^jTt) : Ml — > -B be a Toeplitz representation of Ml ina C*-algebra B with 
TT unital. Then for a e A we have 

V^(g(l))7r(a) = -0(^(1) ■ a) = ^/^(g(a(a)) = ^/'(a(a) ■ g(l)) = 7r(a(a))^/'(g(l)), 

and 

V'(g(l))V(a)V'(g(l)) = ■ g(l)) = V^(g(l))>(g(a)) 

= 7r((g(l), g(a)) J = n{L{Va)) = 7r(L(a)), 

so (tt, is a Toeplitz-covariant representation of {A,a,L). Finally, for a e A we 
have 

= 7r(a)V'(g(l)) = -0(0 • g(l)) = 
which implies that = V'- D 

Corollary 3.3. The C*-algbera T{A, a, L) is isomorphic to the Toeplitz algebra T{Ml). 

Proof. We prove that T(yl, a, L) has the universal property which characterises T{Ml). 
Applying the lemma to the pair (^^,'5') gives a Toeplitz representation {4>s-iiA) of Ml 
in T{A, a, L), which generates T{A, a, L) because ia and S do. Now suppose (■0, tt) is 
a Toeplitz representation of Ml- Note that Ml is essential as a left A-module, in the 
sense that A ■ Ml = Ml- This implies that the essential subspace 7r(l)7i is reducing 
for {iP,tt), so we can apply the lemma to the restriction of (ipjn) to 7r(l)7Y; this gives 
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a Toeplitz-covariant representation {n\,ilj\{q{l))) on 7r(l)?i. Now the representation 
H := {it\ X ilj\[q[l))) © has /i o = 7r| © = vr, and for a G A we have 

H o ipsiqia)) = = iJ,{iAia))ij,{S) = (7r|(a)^/'|(g(l))) © 

= 7r(a)^(g(l)) = ^/'^(g(i))(g(a)) = 
which imphes that fi o ipg = ip. □ 
Corollary 13.31 has been obtained independently by Nadia Larsen. 

Remark 3.4. The Toeplitz representation (ips^iA) induces a homomorphism {'ijjs,iA)^^^ 
of K,{Ml) into T{A,a, L). We claim that ("i/'s, m)^^'' is injective. To see this, let vr : 
T{A,a, L) B{T-C) be a faithful non-degenerate representation of T{A,a, L). Then, 
as in the proof of [71 Proposition 1.6], we have {ipS: 

Adf/ o Ind(7r o i^), 

where f/ : Ml^a'H — *• H is an isometry given by U{m®Ah) = T[{ipsij^))h- Since vr o 
is faithful, the induced representation is faithful [13 Corollary 2.74], and (^/'s, iyi)''^'* is 
injective, as claimed. 

The range of any homomorphism of C*-algebras is closed, and since {ips, ^a)*"^^^!^^)) 
is dense in iIjs{Ml)iPs{Ml)* , it follows that {ips, ^a)^^'* is an isomorphism of IC{Ml) onto 
the C*-algebra i^^iMLYMMif = i^{A)SS*i^(Aj . 

We will now discuss Exel's notion of a redundancy. Define M := iA{A)S = ipsiMi). 
Conditions (TCI) and (TC2) imply that iA{A)M C M, MiA{A) C M and M*M C 
iA{A), so M is a Hilbert bimodule over iA{A). It follows that left multiplication by 
elements of iaIA) on M could coincide with left multiplication by elements in MM* = 
iA{A)SS*iA{A). In Exel defines a redundancy to be a pair (^^(a), k) such that a E A, 
k e iA{A)SSHA{A) and 

m(o)m(&)'S' = kiA{b)S for all b E A. 
The next lemma provides a useful identification of the redundancies. 

Lemma 3.5. Let a E A and let k G T{A, a, L). Then (2^(0.), k) is a redundancy if and 
only ifaE J {Ml) := 0-H/C(Ml)) and k = (^^5, M)^^^(0(a)). 

Proof. First suppose that a G J{Ml) and k = {'ips,iA)^^\(l)iO'))- Then k belongs to the 
image iA{A)SS*iA{A) of {tlJs,'^A)^^\ and for b E A we have 

= iA{a)i's{qib)) = i}s{(t){a)q{b)) 
= (^5,u)^'^(0(a))^5(g(&)) 

where the second last equality follows from Equation ()2.H) . Thus {lAia)-, k) is a redun- 
dancy. 

Now suppose that {iA{a)ik) is a redundancy. It follows from Remark 13.41 that there 
exists a unique t G IC{Ml) such that (t/'s', 'iA)^^''(^) = k. Then for 6 G A we have 

= i^s{q{ab)) = iA{ab)S = iA{a)iA{b)S 
= kiA{b)S = {^^Js,^Af\t)iJs{q{b)) = Mtiqib))), 
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Since : A ^ oi-, L) is injective, ijjs is also injective, and it follows that 0(a) (m) = 
t{m) for all m G M^. Hence 0(a) = t, and the result follows. □ 

Exel defined the crossed product of {A, a, L) to be the quotient of T{A, a, L) by the 
ideal generated by the set 

{2^(0) — k : (i^(a), k) is a redundancy with a G Aa(A)y4}. 

We denote the quotient map by Q : T{A,a,L) — > Axi^^^lN. The next corollary follows 
immediately from Lemma f3. 51 

Corollary 3.6. Let '■= Aa{A)A fl J{Mi) and denote by I{A,a,L) the ideal in 
T{A, a, L) generated by 

{u(a) - (^5,u)^^^(0(a)) : a e Ka}- 
Then Ax^.l^ is T{A, a, L) / I{A, a, L) . 

To describe Axi^ as a universal object, we need to identify the Toeplitz-covariant 
representations that vanish on the ideal I [A, a, L). We need a lemma: 

Lemma 3.7. Suppose {p,V) is a covariant representation of {A,a,L). Then we have 

(3.1) {pxV)o{^s,^Af^ = {i^v,pf^. 

Proof. We know from ()2.2|) that 

{pxV)o {tPs, tAf' = {{p X V) o {pxV)o t^f\ 

Since {iA, S) is the universal Toeplitz-covariant representation, we have {pxV)oiA = p, 
and (p X V){S) = V. So for a G A we have 

{pxV)o iJs{q{a)) = P X V{iA{a)S) = p{a)V = V'y(g(a)), 

and hence we also have {p x V) o tpg = ipy. □ 

Equation ()3.H1 motivates the following definition. 

Definition 3.8. Consider the triple {A,a,L), and let {p,V) be a Toeplitz-covariant 
representation in a C*-algebra B. We say that {p, V) is a covariant representation of 
{A, a, L) if in addition we have 

(C3) p{a) = (V^v',p)^^^(0(a)) for all a e K^. 

The following Proposition says that /1xq,_j;^M is universal for covariant representations 
of {A,a,L). 

Proposition 3.9. Let a be an endomorphism of a unital C* -algbera A, and let L be a 

transfer operator for {A, a) . The pair [Ja, T) := {Q o i^, Q{S)) is a covariant represen- 
tation of {A, a, L) in Ax^^l^, and for every covariant representation (p, V) of {A, a, L), 
there is a representation Tpy of AXa,L^ such that Tpy o jA = P o-nd Tpy{T) = V. 
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Proof. The pair (Qoi^, Q{S)) is Toeplitz-covariant because {ia, S) is, and its integrated 
form (Q o i/) x Q{S) is precisely Q. By Lemma we get a Toeplitz representation 
ii^QiS), Q ° ^a) : A>^a,L^, and for a G we have 

(Q o tA){a) = Q{tA{a)) = Q{{'^Ps,^Af\<P{a))) 

= {{Qo^A)xQ{S)){{^s,^Af\<|>{a))) 

= {■ipQ{s),Q°iA)^^\(p{a)), 

using Lemma Em So the pair {Q o iA,Q{S)) is covariant. 

Now suppose (p, V) is a covariant representation of {A, a, L). The Toephtz-covariant 
representation (p, gives us a representation p x of T{A, a, L), and condition (C3) 
says that p x V vanishes on the generators of the ideal I {A, a, L). Hence CoroUarv 13.61 
implies that p xV factors through a representation Tpy of Ax^ iN. Then 

Tpy o JA = Tpy o Q o lA = {p X V) o lA = p, and 

Tpy{T)=T,y{Q{T)) = {pxV){T) = V, 

so Tpy has the required properties. □ 

We now realise AXq^N as a relative Cuntz-Pimsner algebra. 

Proposition 3.10. Suppose a is an endomorphism of a unital C* -algebra A and L is a 
transfer operator for (A, a). Then there is an isomorphism 9 : 0{Ka, M^) — > Ax^^^N 
such that 9 o kA = Ja and 6'(A;mz,(q'(1))) = T. 

Proof. Consider the triple (A, j^), where (iPt^Ja) is the Toeplitz representation of 
Ml induced by the pair (j^,T), as in Lemma ESI We will prove that {AXa^i^yipT, Ja) 
satisfies the conditions of Proposition 12.11 

Since {jA,T) is covariant, it satisfies (C3), which says precisely that (V't, Ja) is coiso- 
metric on Ka- Let {ip, vr) be a Toeplitz representation of Ml which is coisometric on 
Ka', since Ml is essential, we suppose by throwing away a trivial representation that vr is 
unital (see the proof of Corollarv 13. 3|) . Then Lemma f3.2l gives a Toeplitz-covariant rep- 
resentation (vr, 'i/'(g(l))). Since V'vCgCi)) ~ {'^i'^) is coisometric on K^, (vr, ^/^(^(l))) 
is covariant. Now Proposition 13.91 gives a representation r7r,^(g(i)) of AXq- ^N such that 
T7r,v{g(i)) o = vr and r^,v('?(i))(^) = V'(?(l))- For a G A we have 

i-^,t^(g(i))(^T(g(a))) = r^,v>(<?{i))(jA(a)T) = 7r(a)^(g(l)) = ^/'(g(a)), 

and it follows that r^,^(g(i)) o iprp = ip. So ■?/' Xii'Q ^ •= T7r,V'(g(i)) satisfies condition (i) of 
Proposition 12. II Since '?/'t(^l) Uja(^) generates AXcj^lN, condition (ii) is also satisfied, 
and applying Proposition 12. II gives the result. □ 

Notice that when a{l) = 1, we have Ka = J (Ml), and the crossed product AXa^^N 
is the Cuntz-Pimsner algebra 0{Ml). 

4. Injectivity of Ja-A^ Ax^^l^ 

Definition 4.1. Suppose that A is a unital C*-algebra, a is an endomorphism of A and 
L is a transfer operator for {A, a). We say that L is faithful on an ideal / of A if 

a G / and L{a*a) = =^ a = 0; 
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we say that L is almost faithful on I if 

a G / and L{{ab)*ab) = for all 6 G A =^ a = 0. 

Theorem 4.2. Let a be an endomorphism of a unital C* -algebra A, and let L be a 
transfer operator for {A, a). Then the map Ja '■ A ^ Ax^^lN is infective if and only if 
L is almost faithful on = Aa{A)A fl J{Ml). 

Proof. It follows from Proposition l3.10l that the map Ja is injective if and only if '■ A ^ 
0{Ka, Ml) is injective. By Lemma this is true if and only if : Ka — > C{Ml) 
is injective, and so it suffices to prove that the transfer operator L is almost faithful on 
Ka if and only if 4>\Ka '■ Ka — > C{Ml) is injective. But for a G Ka and b E A, we have 

\\L{{abrab)\\ = \\{q{ab),q{ab))J = \\q{ab)f = \\a-q{b)f 

= ll0(«)(#))f = ll0|x.(a)(g(6))f, 
and this implies the desired equivalence. □ 

Corollary 4.3. Let a be an endomorphism of a unital commutative C* -algebra A, and 
let L be a transfer operator for {A, a). Then the map Ja '■ A ^ Axi^^^N is injective if 
and only if L is faithful on Ka ■ 

Proof. If L is faithful on then it follows from Theorem 14.21 that ja '■ A ^ AXq^N 
is injective. Conversely, suppose ja '■ A ^ AXq^^N is injective. By Theorem 14. 2| this 
implies that L is almost faithful on Ka- Suppose a G Ka satisfies L{a*a) = 0. Then for 
every 6 G A we have 

\\L{{abyab)\\ = \\L{{ba)%a)\\ = \\L{a*b*ba)\\ < ||6||'||L(a*a)|| = 0. 

Thus L{{ab)*ab) = for every b E A, which implies a = 0, and we have shown that L is 
faithful on Ka- □ 

In 13], Exel assumed that a is a unital injective endomorphism and L = a~^oE, where 
£^ is a conditional expectation of A onto a{A) satisfying E{a*a) = =^ a = (Exel 
says E is non-degenerate). Under these conditions he proves that Ja '■ A ^ Ayia,L'^ is 
injective pi, Theorem 4.12]. Notice that such L are faithful, and so |H Theorem 4.12] 
follows from Theorem 14.21 The following examples show that our theorem is stronger 
in several different ways. 

Example 4.4. In this example, the endomorphism is not unital. Let A = c, the space of 
convergent sequences under the sup norm, and let a be the forward shift Tf. Then the 
backward shift L = r;, is a transfer operator for (c, Tf) and we have 

M., = c/Ceo, J(M.J = c, and K,^. = {/ G c : /(O) = 0}; 

notice that L = Tf, is faithful on Kr^ , but not on all of c. It follows from Corollary I4.ISI 
that the map jc '■ c ^ cx^^ .j-^^N is injective. 

Example 4.5. In this example, the endomorphism is not injective. Again the algebra A 
is c, but now we view the backward shift Tf, as the endomorphism, and take for L the 
forward shift Tf. Then we have M^-^ = A^, J{Mt-^) = c, and K^^ = c. In this case, 
L = Tf is faithful on K^-^, so CoroUarv 14. 31 shows that jc '■ c ^ cXt-^^tjN is injective. 



EXEL'S CROSSED PRODUCT AND RELATIVE CUNTZ-PIMSNER ALGEBRAS 9 

Example 4.6. In this example, the transfer operator is almost faithful but is not faithful. 
We take A to be the UHF algebra UHF(n°°), viewed as the direct limit \im{ A ]\r,i]\r) with 

An = <S)k=iMn{C) and 

iwiai ® • ■ ■ ® o-at) := ai (g) ■ • • (g) Oat (g) 1; 

we denote the canonical embeddings hj i'^ : Aj^ A. The maps : A^ ^ ^at+i 
defined by 

aAr(ai ® ■ ■ ■ ® Oat) = en (g) ai (g) • ■ ■ (g) a^, 

induce an injective endomorphism a : A ^ A such that a(i^(a)) = i^'^^{aN{ci)) for 
a e Aisf. Since rangea is closed, it follows that rangea = 2^(611)^2^(611). We can then 
define L : A Ahj 

L(a) = a~^(i"'^(6ii)a2"'^(6ii)). 

Then L is positive, continuous and linear. To see that L is a transfer operator, let 
a = (^Oj G An, 6 = G An+i, and compute: 

L(a(z^(a))2^+^(6)) = L(z^+i(6ii6i ® ai^s ® ■ ■ ■ ® a^vW)) 

= a~-^(i^(6ii)i^+^(6ii6i (g 0162 (g • • ■ (g a-Af^Ar+i)^^(eii)) 

= (&l)iia~"^(i^+^(6ii (g 0162 (g ■ ■ ■ (g OAr&Af+l)) 
= (&l)ii2^(ai&2 ® ■ ■ • (g CtAf&Af+l) 

= {bi)^-^i^{ai ® ■ ■ • ® aN)i^{b2 ® • ■ ■ ® 6iv+i) 
= 2^(a)(6i),,a-^(2^+^(6ii ® 62 ® ■ • • ® ^m)) 
= 2^(a)a-i(zi(6ii)2^+^(6)zi(6ii)) 
= 2^(a)L(2^+^(6)). 

It follows from linearity and continuity of L and a that L(a(a)6) = aL{b) for all a, 6 G A, 
and hence L is a transfer operator for [A, a). 

For j G {1, . . . , ra} define bj := z^(6ji). Suppose a G A satisfies L{{ab)*ab) = for all 
b E A. Then = L{{abj)*abj) = a~^{i^{eii)bj*a*abji^{eii)) for all j, and this implies 
that abj = for all j. Thus 

n n 

= ^ abjbj* = ai^(^Y^ Cjj^ = ai\l) = a, 
j=i j=i 

and hence L is almost faithful on A. To see that L is not faithful we let G M„(C) be 
a non-zero matrix whose first column is zero. Then (ao*ao)ii = and 

L{i^{ao)*i^{ao)) = a"^(i^(6iiao*aoeii)) = a~^((ao*ao)iii^(6ii)) = a"^(0) = 0, 

whereas i^(ao) 7^ because is injective. 

The endomorphism a is injective and has hereditary range. Under these assumptions, 
Exel proved in [HI Theorem 4.7] that y4xa,LN is isomorphic to the Stacey crossed product 
AXqN. This crossed product was first considered by Cuntz, who showed in [2j that 
UHF(?2°°) Xc,N is isomorphic to the Cuntz algebra 
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Example 4.7. This is an example of a commutative C*-algebra with a transfer operator 
L which is not faithful on K^, so that A does not embed in Exel's crossed product. Let 
A := C([0,2]), and define a : C([0,2]) ^ C([0,2]) by 



/(2x) if X G [0, 1] 
/(4-2x) ifxe(l,2]. 

Then the map L : C{[0,2]) C([0,2]) defined by L{f){x) = f{x/2), is a transfer 
operator for {A, a). We have Al = C([0, 2]) as a vector space, and 

iV:={/eC([0,2]):L(r/)=0} 

= {/GC([0,2]):/(a;) = 0for all xG [0,1]}. 

Thus the restriction map r : f ^-^ /|o,i] induces a vector-space isomorphism of Ai/N 
onto C([0, 1]), which converts the bimodule structure into 



{g. h)Lix) = g{x/2)h{x/2), g ■ f{x) = g{x)f{2x), f ■ g{x) = f{x)g{x) 

for g^h G C([0,2]) and / G A = C([0,2]); it follows from the first formula that r is 
isometric for the sup-norm on C([0, 1]), so Al/N is complete and Ml = Al/N . Now 
for / G A and x G [0, 1], we have 

QrU),i{gm = rif)ix){l,g)L{2x) = f{x)g{x) = m)g)ix), 

so / G J{Mi). Thus J{Ml) = A, which implies Ka = A because a{l) = 1. The transfer 
function L is not faithful on C([0, 2]): any nonzero function / G C([0, 2]) with /|[o,i] = 
will satisfy L{f*f) = 0. Hence it follows from Corollary 14.31 that the canonical map 
C([0,2]) ^ C([0,2])x„,lN is not injective. 

5. Gauge Invariant Uniqueness Theorem 

Using the isomorphism 6 : 0{Ka, M^) — > Axi^ /^N of Proposition I3.1UI we can see 
that there is a natural gauge action 6 : T Aut{A>i a,L^) such that Sz{jA{ci)) = ^^(o), 
Sz(T) = zT and 9 o ■y^ = o 9. 

Theorem 5.1. Let a be an endomorphism of a unital C* -algebra A, and let L be a 
transfer operator for (A, a). Suppose B is a C* -algebra and (p, V) is a covariant repre- 
sentation of {A, a, L) in B satisfying 

(1) for ae A, p{a) = =^ j^(a) = 0, 

(2) z/p(a) G (^y,p)«(/C(Mi)), thenjA{a)ejAiK^), 

(3) there exists a strongly continuous action (3 : T —>■ AntTpy{A><ia^LN) such that 
13 z o Tpy = Tpy o ^ for all z E T . 

Then the corresponding representation Tpy : Ax^.lN B is faithful. 

The proof of Theorem 15.11 will use the following gauge-invariant uniqueness theorem 
for relative Cuntz-Pimsner algebras, which is due to Katsura [H| Corollary 11.7] and 
Muhly-Tomforde [12, §5]. 

Theorem 5.2. Suppose X is a Hilbert bimodule over A and K is an ideal in J{Ml)- 
If fi : 0{K,X) ^ B is a homomorphism into a C* -algbera B satisfying 

(i) the restriction of p to kA{A) is injective, 
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(ii) zflJ.{kA{a)) G fi{{kx,kAf\lC{X))), then kA{a) E kA{K), 

(iii) there exists a strongly continuous action /3 : T — > Aut fi{0{K, X)) such that 
Pz ° fJ' = fJ' ° 1z for all z eT, 

then fi is injective. 

Proof of Theorem \5 . 1\ We will prove that TpyoO satisfies the conditions of Theorem 15. 21 
Suppose a E A satisfies (xpy o 6')(A;^(a)) = 0. Then 

p(a) = Vv(jA(a)) = Tpy{e{a)) = 0, 

which by (1) implies that jA^ci) = 0. Hence kA^a) = 9^^{jA{ci)) = 0, and so Tpy o 6* is 
injective on kA^A). 

Now suppose a E A and {Tpy o e){kA{a)) E {Tpy o e)[{kML, A;^)^^^^!^^))) • We have 
{Tp,v ° 6')(fc^(a)) = p{a), and Lemma IHTI gives 

{Tpy o 9) {{kM„ kAf\lC{ML))) = rpy{{e o A;m„ 6 o A;^)«(/C(Mi))) 

= Tpy[{^l,T.3Af\K:{ML))) 
= Tpy O 

= {p^V){{i,s,lAf\nML))) 

= {i^v,pf\lC{ML)). 

So p{a) E {ipv, p)^^\I^{Ml)), and then it follows from (2) that E jA{Ka)- Hence 

kA{o) E kA{Ka). By (3), we have 

Pz O Tpy o9 = Tpy O Sz O 9 = Tpy O 6* O 7^, 

SO Theorem 15.21 implies that Tpy o 9 is injective. Thus Tpy is injective. □ 

When the transfer operator L is almost faithful on K^, our main theorem says that Ja 
is injective. Using jHl Corollary 11.8] instead of Theorem 15. 21 yields the following gauge- 
invariant uniqueness theorem which directly generalises Theorem 4.2] (because the 
second condition (2') trivially holds when Ka = J{Ml), as is the case when a(l) = 1). 

Corollary 5.3. Let a be an endomorphism of a unital C* -algebra A, and let L be a 
transfer operator for {A, a) which is almost faithful on K^. Suppose B is a C* -algebra 
and {p, V) is a covariant representation of {A, a, L) in B satisfying 

{V) p is faithful, 

(2') foraE J{Ml), p{a) = {i,y , pf\(l){a)) implies jA{a) = {^Jt , J Af\(l>{a)) , 

(3) there exists a strongly continuous action /? : T ^ Aut rp^v'(^xia,LN) such that 

Pz O Tpy = Tpy O 7^ for all Z ET. 

Then the corresponding representation Tpy : AXq^^N ^ B is faithful. 
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